If G is an elementary amenable group of finite Hirsch length h , then the quotient of G by its maximal locally finite normal subgroup has a maximal solvable normal subgroup, of derived length and index bounded in terms of h .
The class of elementary amenable groups is the class of groups generated from the finite groups and Z by the operations of extension and increasing union. This class arose first in connection with the Banach-Tarski paradox [6] and more recently has been of interest to topologists as the largest class of groups over which topological surgery techniques are known to work in dimension 4 [2] . It clearly contains all locally finite groups and solvable groups, and hence contains all locally finite by virtually solvable groups. In [3] the notion of Hirsch length (as a measure of the size of a solvable group) was extended to this class and it was shown that elementary amenable groups of Hirsch length at most 3 are locally finite by solvable while in general the Hirsch length is bounded above by the rational cohomological dimension. Here we shall show that every elementary amenable group of finite Hirsch length is locally finite by virtually solvable. In particular, if a group of finite cohomological dimension has a nontrivial elementary amenable normal subgroup then it has a nontrivial abelian normal subgroup. (This answers a question raised in [5] in connection with extending a theorem of Gottlieb).
We recall briefly the description of the class of elementary amenable groups given in [4] and the definition of Hirsch length given in [3] . If 3? and y are classes of groups let 3^ denote the class of (3? by J O groups G which have a normal subgroup H in 3? such that the quotient G/H is in ^, and let L3f denote the class of groups such that each finitely generated subgroup is contained in some ^-subgroup. Let 3f Q = {1} and let 3f { be the class of finitely generated abelian by finite groups. If 3f a has been defined for some ordinal a let «^+ 1 
let h(G) = h(H) + h(G/H). Transfinite induction on a(G) = min{a|G is in 3f a ) may be used to prove (simultaneously) that h(G) is well defined, that if H is a subgroup of G then h{H) < h(G), that if H is a normal subgroup of G then h{G) = h(H) + h(G/H) and that
Let SF be the class of finite groups and S" the class of solvable groups; U? is then the class of locally finite groups and S&~ is the class of virtually solvable groups. Every group G has a unique maximal normal Z-^-subgroup A((7). Although in general an infinite group need not have a maximal solvable normal subgroup this is so if it is an J/ST'-group. Similarly if a group has a normal (.L^J/^-subgroup of finite index then it has a maximal normal (LJ^J^-subgroup, necessarily of finite index. (This follows from the facts that the product of two normal subgroups is again a normal subgroup, and that if the subgroups are each in (L^)S^ so is their product). Our main result shall follow by induction on h after making careful estimates of the index and derived length modulo A of such maximal normal (L9~)<¥'-subgroups, as functions of h .
THEOREM. There are functions d and M from Z > 0 to Z >0 such that if G is an elementary amenable group of Hirsch length at most h and A(G)
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is it maximal locally finite normal subgroup then G/A(G) has a maximal solvable normal subgroup of derived length at most d(h) and index at most M(h).
PROOF. We argue by induction on h . Since an elementary amenable group has Hirsch length 0 if and only if it is locally finite we may set d(0) = 0 and M(0) = 1. Assume that the result is true for all such groups with Hirsch length at most h and that G is an elementary amenable group with h(G) = h+l.
Suppose first that G is finitely generated. Then by [3, Lemma 1] there are normal subgroups K < H in G such that G/H is finite, H/K is free abelian of rank r > 1 and the action of G/H on H/K by conjugation is effective.
(Note that r = h(G/K) < h(G) = h+l).
Since the kernel of the natural map from GL(r, Z) to GL(r, Z/3Z) is torsion free, we see that G/H embeds in GL(r, Z/3Z) and so has order at most ^ . Since h{K) = h{G) -r<h the inductive hypothesis applies for K, so it has a normal subgroup L containing In general let {G ( \i in /} be the set of finitely generated subgroups of G. Since G t is a finitely generated elementary amenable group with Hirsch length at most h + 1 we see from the previous paragraph that G t has a normal subgroup 77 ( 6 / # , -If x and y are in H and g is in G then there are indices /, j and k in J such that x is in use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700034376 [4] PROOF. If H is such an elementary amenable normal subgroup then it has finite cohomological dimension and so h{H) < oo by [3, Lemma 2] . Moreover H is torsion free, so by the theorem it is virtually solvable. The lowest nontrivial member of the derived series for the maximal solvable normal subgroup of H is abelian, and as it is characteristic in H it is normal in G.
A(K) and of index at most M(h) such that L/A(K) has derived length at most d{h) and is the maximal solvable normal subgroup of K/A{K). As
The second corollary implies that the apparent increase in generality of [5, Theorem 3 ] over Rosset's version of Gottlieb's theorem (that if X is an aspherical finite complex and n x (X) has a nontrivial abelian normal subgroup then x{X) = 0) is illusory. However the main result of [5] is needed to prove the converse, stated in [3] , that if X is a [G, m]-complex with x(X) -0 and G = n x (X) has a nontrivial torsion free elementary amenable normal subgroup then X is aspherical.
We conclude with a question. Is every group of finite cohomological dimension and which has no noncyclic free subgroup virtually solvable?
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